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This talk is about:
@ An observation on exponentials
@ A related conjecture

@ A proof of a special case of the conjecture
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The Logical Framework

AIL = Intuitionistic Linear Logic with Weakening

NA=B Mh==A M, B=C
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The exponential

MIA A= B A= B r=A (0
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Formulas as resources

AN B One resource: Either A or B
by my choice: LHS
by your choice: RHS
A ® B Two resources: Both A and B
A — B A one-time usable function
turning resources A into resources B
IA arbitrarily often/unbounded A

M= A
From resources I', one can obtain (at least) the resource A
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ISIA=ARARARA...7
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ISIA=ARARARA...7

A" = A ... ® A A=A A
%/—/ ——
n times n times

Mh=A M,=A
M,...,M, = A®"
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ISIA=ARARARA...7

A" = A ... ® A A=A A
%/—/ ——
n times n times

Mh=A M,=A
M,...,M, = A®"

“ =" AIL proves |A = A®" for any n:
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ISIA=ARARARA...7

A" = A ... ® A A=A A
%/—/ ——
n times n times

Mh=A M,=A
M,...,M, = A®"

“ =" AIL proves |A = A®" for any n:
A=A e A=A

Al = A®n
(1A)(") = A®n

1A= AP

n times (!dr)

n times (!c)
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" <" fails. More precisely:
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" <" fails. More precisely:
There are I',A such that

AILET = A®" for all n

but
AILF T =1A
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The generous coffee machine

AILF D,/(D — C ® D) = C®" for all n
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The generous coffee machine

AILF D,|(D — C® D) = C®" for all n

C,D,(D—-oC®D)=C

D= D CoD,(D—-oC®D)=C

D,D—-C®D,(D—-oC®D)=C

D, (D—- C®D),(D—-C®D)=C
D,(D—-C®D)=C

(®L)
(—L)
(dr)
(c)
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The generous coffee machine

AILF D,|(D — C® D) = C®" for all n

C,D.{(D — C®D)=C

D=D C®D D —-C®D)=C
D,D—-C®D,(D—-oC®D)=C
DD = CaD))(D—-CaD)=c 9
DD —-C®D)=C
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The generous coffee machine

AILF D,|(D — C® D) = C®" for all n

C,D.{(D — C®D)=C

D=D C®D D —-C®D)=C
D,D—-C®D,(D—-oC®D)=C
DD = CaD))(D—-CaD)=c 9
DD —-C®D)=C

Timo Lang Remarks on the Exponential Rules in Linear L February 27, 2018



Timo Lang

C=C C=C

C(”); con
cM D, (D — C® D)= C®" (weak)
:(h—2)xQ
C,C,D,|(D — C® D)= C®"
Q
C,D,Y(D — C® D)= C®"
Q
D,|(D — C® D) = C®"
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AIL¥ D, (D — C ® D) =!C

Timo Lang Remarks on the Exponential Rules in Linear L February 27, 2018 10 / 21



AIL¥ D, (D — C ® D) =!C

r=A
iroia (P
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e What can we say about (I', A) such that
AILFT = A®" forall n
and the corresponding sequences of proofs

Py T = A®" 2
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e What can we say about (I', A) such that
AILFT = A®" forall n
and the corresponding sequences of proofs
P,FT = A®" 2
@ Trivial case (1): I =!T"

Q Q
Q . .
L M= A ... IM=A
I = A () = A®n |
M= A% €
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e What can we say about (I', A) such that
AILFT = A®" forall n
and the corresponding sequences of proofs
P,FT = A®" 2
@ Trivial case (1): I =!T"

Q Q
Q . .
L M= A L. = A
I = A (1)) = A®n |
M= A% €
@ Trivial case (2): =10
Q Q Q

Timo Lang Remarks on the Exponential Rules in Linear L February 27, 2018



@ Similarily,
Pi=D,Y (D —-C®D)=C

has repeatable parts.
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@ Similarily,
Pi-D,(D—-C®D)=C
has repeatable parts.
e But:
P, C*0 D (D — C® D)= C®"

does not necessarily have repeatable parts unless n > 20.
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Conjecture
Let I be a multiset of formulas and A a formula. Let d = maxdepth(I)
and n=|I|-29 + 1.
Then any proof
PT = A®"

has "enough repeatable parts” to generalize to a recursive sequence (Py)

P, T = A% Vk>n
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Conjecture

Let I be a multiset of formulas and A a formula. Let d = maxdepth(T')
and n=|[|-29 4+ 1.
Then any proof

PET = A®"

has "enough repeatable parts” to generalize to a recursive sequence (Py)

P, T = A% Vk>n

(?)Corollary

If AIL T = A®" for || -29 + 1, then AIL - T = Ak for all k.

(?)Corollary

If there is a sequence (P,) such that if P, = T = A®" for all n, then there
is a recursive such sequence.
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Proposition
Let I' be a multiset of formulas not containing — and A a formula. Let
d = maxdepth(I') and n = |I'|-29 + 1.
Then any proof

PET = A®"

has enough repeatable parts to generalize to a recursive sequence (Py)

P T = A®% Vk>n
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A normal form

P} P} P Pk

M=A ... Tl=A . =A ... Tk=A
.. Ti= A®n rk ... k= A®n

~N 7

= A®"

° I'fl, e r; splitting sequence
@ only rule below splitting sequences: (AL),(VL),(®L),(!c),(!dR)
(no weakening)
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[-grammar

Every splitting sequence in P is generated by the following grammar:

Production rules:

S—A;... A, where [ = Aq, ...

N=SU{A|Aec Subf()}
T = Subf(I)

AVB— A|B

AAB— A|B

A®B— AB
A —!AIA|A

Timo Lang

A— A

Remarks on the Exponential Rules in Linear L

; An

February 27, 2018

16 / 21



S

(CVD)®E

parsing tree / N\
(CVD) E

CcCvD

C
|
C

Q

proof C,E= A®n D, E= A®n
CVD,E= A®"
I(CV D), E = A®"
I(CVD)®E = A®"
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S

(CVD)®E
parsing tree AN
(CVD) | E

cCvD

C
|
C

E
Q

proof C,E= A®n D, E= A®n
CVD,E= A®"
I(CV D), E = A®"
I(CVD)®E = A®"

Timo Lang Remarks on the Exponential Rules in Linear L February 27, 2018 17 /21



S

I(AVD)®E
. /N
parsing tree (CV D) E

(CvD) | (CVvD)

CvD CcvD

C o
| |
| \
c c

Q

proof C, E= A®n D, E= A®n
CVD,E = A®"
I(CV D), E = A®"
I(CVD)®E = A®"
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S

(AVD)®E
_ /N
parsing tree 1(CVvD) E

(CvD) | (CVD)

CvD cvD

C C

| |

\ !

c c E

Q Q
D,E = A®" D,E = A®"

f C.C.E=an CDE=A" "™ DDES A
proo G D, D,

CVD,CVD,E = A®"
I(Cv D),|(CV D),E = A®"
I(C Vv D),E = A®"
(CVD)@E = A®"
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@ We want many !'s in the I'-parsing trees of splitting sequences
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@ We want many !'s in the I'-parsing trees of splitting sequences

@ Child nodes in the parsing tree are proper subformulas of their parent
node, unless the production rule is |B —!B!B.
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@ We want many !'s in the I'-parsing trees of splitting sequences

@ Child nodes in the parsing tree are proper subformulas of their parent
node, unless the production rule is |B —!B!B.

o Let d = maxdepth(T')
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@ We want many !'s in the I'-parsing trees of splitting sequences

@ Child nodes in the parsing tree are proper subformulas of their parent
node, unless the production rule is |B —!B!B.

o Let d = maxdepth(T')

@ Every branch in the parsing tree of length > d traverses a production
!B —!B!B.
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We want many !'s in the -parsing trees of splitting sequences

Child nodes in the parsing tree are proper subformulas of their parent
node, unless the production rule is |B —!B!B.

Let d = maxdepth(I')

Every branch in the parsing tree of length > d traverses a production
!B —!B!B.

The number of short (< d) paths in [-parsing trees is bound by

r|-2¢
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Almost there!

@ Exclude a trivial case: AIL |- (= A).
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Almost there!

e Exclude a trivial case: AIL - (= A).
@ Then: FL ..., T splitting sequence in P = FJ". £ ()

PJ{

i=A
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Almost there!

e Exclude a trivial case: AIL - (= A).
@ Then: rg, ..., T splitting sequence in P = FJ". £ ()

PJ{
FJ’-:>A

@ Recall n> |I]-2¢
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Almost there!

Exclude a trivial case: AIL - (= A).
@ Then: rg, ..., T splitting sequence in P = FJ". £ ()

PJ{
M=A
@ Recall n > || -29
e By the pidgeonhole principle, every splitting sequence r,....r

contains a ', such that all formulas in F’,'(i have long branches in the
parsing tree
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Almost there!

Exclude a trivial case: AIL - (= A).
@ Then: rg, ..., T splitting sequence in P = FJ". £ ()

PJ{
M=A
@ Recall n > || -29
e By the pidgeonhole principle, every splitting sequence r,....r

contains a ', such that all formulas in F’,'(i have long branches in the
parsing tree

@ All formulas in r’,;i can be duplicated!
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The full picture

WLOG T} =T}

Pi P} Pf Pk
MosA .. TlsA | Th=A ... Tk=A
M., Th= A®n rk ... Tk= A®n
= A®n
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The full picture

WLOG T} =T}

Pt Py Pf PX

M=eA ... TlsA | T=A . ThEsA

... = AS(+1) Ik Tk AS(HD)
M= A®(+1)
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The full picture

WLOG I}, =T}

Pi Pi P} P Pf Pk
MoaA M=A . Tl=sA | ThsA Th=A .. rk=a
MM Ty AR rhrk Tk AB(+D)
M= A®(n+1)
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Recap

Conjecture

Let I be a multiset of formulas and A a formula. Let d = maxdepth(I)
and n= || -29 4 1.
Then any proof

PHT = A®"

has "enough repeatable parts” to generalize to a recursive sequence (Py)

P, T = A% vk >n
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Recap

Conjecture

Let I be a multiset of formulas and A a formula. Let d = maxdepth(I)
and n= || -29 4 1.
Then any proof

PHT = A®"

has "enough repeatable parts” to generalize to a recursive sequence (Py)

P, T = A% vk >n

If yes, the infinitary rule

M= A N=AQ A l=ARARA
l=>w-A

is simulated by the finitary rule

= A®n
N=w-A
for large enough n.
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