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.but there’s a missing link

propositions as types
proofs as programs

normalisation of proofs as evaluation of programs

Intuitionistic Natural Deduction <>  Simply-Typed Lambda Calculus
Quantification over propositions <>  Polymorphism
Quantification over individuals <> Dependent types
Modal Logic <> Monads (state, exceptions)
Classical-Intuitionistic Embedding <+  Continuation Passing Style

779 Process Calculus
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The Twist

e Abramsky, 1994: Proofs as Processes

PFET,y: A QFAz2:B
vy, z.x(y,z2). (P | Q)FT, A, x: AR B

&

RFO,y: A 2:B
r(y,2).RFO, z: A% B

S

e this paper: Propositions as Sessions

PFET,y: A QFA, z: B -
vy.x(y).(P|Q)FT, A, x: AR B

RFO,y:A z: B -
r(y)R-O,2: A®B
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A small change 1n notation

e With vx. x(y)
PFT,y: A QFA, z:B

vy.x(y). (P | Q)FT, Ajx: AR B “

e With z|y]
PFET,y: A QFA, z: B
zly. (P Q) FT, A, z: AR B
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ILL vs. CLL

e Caires and Pfenning, 2010: Intuitionistic Linear Logic

I AFP:y: A Iy A'FQ:2: B
I A A'Fvy.a(y).(P|Q):z: AR B

®-R

I ARPy: A It A,z:BFQ:2:C

—o-L,
I A)A2:A—-BrFuyax(y).(P|Q)::2:C
It A,y:ArR:x: B R I A,y:A,x:BFR:z:C L
F;Al—x(y).R::x:A—oB_o_ F;A,x:A@Bl—aﬁ(y).R::z:C@)_

e this paper: Classical Linear Logic

PHT,y: A Ql—A,az:B@ RFO,y: A x:B
zlyl (P Q)FT,A,z: AR B z(y).RFO,z: A9 B

S
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Axiom and Polymorphism

e Abramsky, 1994

A
r(2)w(z)0Fw: X+ o: X :

e Caires and Pfenning, 2010

(no axiom)

e this paper (based on an idea from Caires and Pfenning, 2011)

Ax

werFw: ALz A
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Part 1

CP

Classical Processes

Caires-Pfenning
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Cut Elimination

Theorem

(Subject Reduction)
IfPFI'and P = ()then () I I".

(Cut Elimination)

If P F I then there exists a ()
such that P —* () and () is not a Cut.
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1X.B

type variable

output A then behave as B
select from A or B
replicated input

output a type

unit for ®

unit for @
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A B
A& B
TA

VX.B

dual of type variable
input A then behave as B
offer choice of A or B
replicated output

input a type

unit for 7

unit for &



Duals

(X)J_ — XJ_

(A® B)* = At s B+
(A® B)t = At & B+
(14)L =74+
(3X.B)+ =VvX.B+
1+ =1
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(X5 =X
(A B)* = A+ ® B+
(A& B)t = At ¢ B+
(?A)L =14+
(VX.B): =3x.BL
1+ =
T+ =



Processes

P,Q, R:=
Ty link ve:A.(P| Q) parallel composition
zly].(P | Q) output z(y).P input
z[inl].P left selection r.case(P,()) choice
z[inr]. P right selection
Txly|.P replicated output lx(y).P replicated input
z|A|.P send type r(X).P receive type
z[].0 empty output z().P empty input

r.case() empty choice

Forms x(y).P and !x(y). P behave like the same forms in 7-calculus.
Forms x|y|. P and 7x|y|. P behave like form vy. x(y). P in w-calculus.
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Structural rules

wHazl—w:AL,x:AAX

PrFT,z2:A QFA, x: A+
ve:A(P|Q)FT, A

Cut

(AxCut)

Ax
. AL . . AL
werkFw:A- e A PFT,z: A —  Plw/z} T, w: AL

Cut
ve.(wex | P) T, w: AL -
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Structural rules—equivalences

(Swap)

PFT,z2:A QFA, x: A+ QFA,z: At PFT, x:

v AP QT A Ut =

(Assoc)
PrFT,z2:A QFA, 2:A- y:B
ve. (P|Q)FT, A y:B RF0O,y: B+
vy.(ve. (P | Q)| R)FT, A, ©

Cut

Cut

QFA,z: At y:B RFO,y: Bt
PrHT,z: A vy (Q | R)F A, 0, z: At
ve. (P lvy.(Q|R)FT, A, 6

Cut

Cut
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ve: AL (Q | P)FT, A

Cut



Input and Output—Multiplicatives

PFI,y:A QFA, z:B %
zlyl. (P Q) FT,Ajz: AR B

RFEFO,y: A x:B -
r(y).RFO,x: A9 B

(Bew)
PFEFT,y:A QFA, z:B RFO,y: At 2: B+ -
x[y].(P\Q)l—F,A,a::A@B@) r(y).RFO, z: ALt v Bt —
va-(aly] (P | Q) |2(y)R) F T, &, © cut

QFA,z:B RFO,y: At z: B+
PrFT,y: A ve.(Q | R)FA, 0, y: AL
vy. (Plve.(Q|R)FT, A ©
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Cut

Cut



Input and Output—identity, swap

A A
ysrtky: At x A * wezFw:BY, 2 B *

zlz].(wez |yr) Py ALY, w: Bt 2: A® B
w(y).z[z].(wez |yox) Fw: AT e B 2 A® B

A A
wezFw: Bt 2 B * ysr by Atz A *

r[z].(wesz |yssa) Fw: Bt y: AT, 2 : BR A
w(y).x[z].(wez |yox)Fw: At e B 2 : B A
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Selection and Choice—Additives

PFT,z: A . P+T,x:B
z[in.PFT,z: A®dB = zin.PFT,2: A® B

Do

QFA, x:A RHFA, z:B 2
r.case(QQ,R)F A, z: A& B

(Bos)
PFI,z: A QFA z: A REFA, z: B+

&
zlin.PFT,z2: A® B 1 rv.case(Q,R)F A, z: AL & Bt c —
vz.(z[inl].P | z.case(Q, R)) F T, A it

PrFT,z:A QFA, z: A+
ve. (P|Q)FT, A

Cut
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Servers and Clients—EXxponentials

PEM, y: A '
lx(y).PE?T, x: 1A~

QFA y: A ”
Trlyl.QF A,z 7A

PR, y: A QA y:A- |
lo(y). P, 2 : 1A " ?2[y].QF A, v :7A+ C
va(lz(y).P | 2z]y].Q) F 7T, A it

P, y:A QFA, y: At
vy. (P Q)F7T, A

Cut
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Weakening and Contraction

QFA
QFA z:7A

Weaken

QFA, z:7A, 2" :7A
Q{z/x'} A x:7A

Contract

(Biw)

PEM, y: A ' QA
lo(y).PFT, 2 1A QFA, z:74+
ve.(lx(y).P| Q) F 7T, A

Weaken
Cut

QFA
OF T, A

Weaken
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Weakening and Contraction, continued

(Bic)
PEM, y: A QFA, z:7A, 2" :7A
! Contract
lx(y). P, x: 1A Q{z/x'} A, z:7A c
v (lz(y).P | Q{z/2'}) F T, A it
PRI,y cA
PHI, y:A ' ' (y). P F, 2" 1A QF A, x: A, 2’ : 74+

lx(y).PHIT, 1A~ va' (12’ (y').P | Q) F TV, A, x : 7A+

ve.(le(y). Pl va' (12 (y). P | Q)) 7T, 17, A
ve.(le(y). P va' (12 (y).P | Q)) 1T, A

Contract
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Cut



Polymorphism—Quantifiers

PFT, z: B{A/X)
r|Al.PFT, z:3X.B

=

QFA z: B
r(X)QFA, z:VX.B

V (X €1fv(A))

(Bav)

PFT,xz: B{A/X} . QFA, z: Bt y

r[Al.PFT, z:3X.B :I;(X).QI—A,:l::VX.Bl c —
ut

ve.(x|AlLP | x(X).Q) T, A

PFT,2:B{A/X} Q{A/X}F A, z:BHA/X)
va (P |Q{A/X})FT, A

Cut
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Units

1 PFT |
z[]0Fx:1 (). PFT, z: L

(no rule for 0) rcase()FI, x: T !

(B11)

] PET N
r[]0Fx:1 (). PFT, z: L — PFT

@020 P FD U

(BoT)

(no rule for O with T)
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Commuting Conversions

(Fe1)
PFI,y: A z:C Ql—A,x:B@
zlyl.(P|Q)FT,Ajz: AR B REO, z:C+ —

(2. P1Q) [ RFT. A G 2 AeB U

PFT,y: A, 2:C RFE®O, z:C+ c
vz (P R)FT,0,y: A it QFA z:B
zlyl.(vz. (P | R)|Q)FT, A0, 2: AR B

®

(Ke2)
PFI,y:A QFA, z:B,z:C

rlyl. (Pl Q)FT, A,z A® B = RF@,Z:CLC N
vz (z[y].(P| Q)| R)FT, A, ©,2: A® B ut

QFA, z:B,2:C RFO,z:C+H
PHT,y: A vz (Q|R)FA, O, x: B
zlyl.(P|lrvz.(Q | R)FT,A 0, 2: AR B
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Cut
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Commuting Conversions

(ke1) ve(z[y](P| Q)| R)
(kg2) ve(zlyl(P| Q)| R)
(Fg) vz.(z(y).P | Q)
(kg) vz.(z[inll.P | Q)
(kg) vz.(x.case(P,Q) | R)
(1) vz.(le(y).P | Q)
(2) vz.(2aly).P | Q)
(k3) vz.(z[Al.P | Q)
(kv) vz (z(X).P| Q)
(1) vz.(2().P| Q)
(k1) vz.(x.case() | Q)

N e
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(vz
(P

y).vz.(P

(P |
| vz.(Q
| Q)
| Q)
R),vz.(Q |
| Q)

R)|Q),
R)),

if z € fn(P)
if z € In(Q)

zly].
).
(
|

z(inl].v

z.(P
x.case(vz.(P |
lx(y).vz.(P
2alylvz(P | Q)
[Alvz(P| Q)
(X).vz.(P | Q)
z().vz.(P| Q)

x.case()

R))

X

X

(
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No congruence!

If our goal was to eliminate all cuts, we would need to introduce congruence rules,

such as
P= Q)

v(y).P = x(y).Q

and similarly for each operator. Such rules do not correspond well to our notion of

computation on processes, so we omit them; this 1s analogous to the usual practice
of not permitting reduction under lambda.
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Cut Elimination

Theorem

(Subject Reduction)
IfPFI'and P = ()then () I I".

(Cut Elimination)

If P F I then there exists a ()
such that P —* () and () is not a Cut.
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Part 11

GV

Good Variation

Gay-Vasconcelos
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Type Preservation

Theorem

(Translation preserves types)
It =M :T
then [M]z F [®]*, = : [1].
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Session Types

S =
I'T.S output value of type T’ then behave as .S
.S input value of type 1" then behave as S
D{l; = S;}ier  select from behaviours S; with label /;
&Al; = S;}ier offer choice of behaviours S; with label [;
end, terminator, convenient for use with output

end- terminator, convenient for use with input

Each session S has a dual S

IT.S = ?T.S TS, = IT.8
Bl 2 Si)ier = &l Si)ier &(li: Si)ier = ®(l;: Si)ier
end, = end, end, = end,
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Types

1T.U,V =
S session (linear)
T'®U tensor product (linear)
1"—o U  function (linear)
17— U  function (unlimited)

Unit unit (unlimited)
Each type is classified as linear or unlimited:

in(S) lin(7"wU) lin(1T"— U)
un(7"— U) un(Unit)
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Terms

L, M,N ::=
X
unit
Ax. N
L M
(M, N)
let (x,y) = M in N
send M N
receive M
selectl M
case M of {l; : x.N; }ier
with x connect M to N
terminate M

identifier

unit constant

function abstraction
function application

pair construction

pair deconstruction

send value M on channel N
receive from channel M
select label [ on channel M
offer choice on channel M
connect M to N by channel z

terminate input

37



Functions and Pairs

z:TkFx:T Id Funit ; Unit Unit
OFN:U un(T) O, x:T ' :THN:U un(T)C
(I), rx:T'HFN:U Weaken (I)7 - TE N{Qf/aj‘/} U ontract
o IENU - @RL:T U WEM:T o
DM N:T U —° O UL M:U %
OHL:T —U un(®) PEL:T U
SFL:T > U -l srr.7Tou *F
OP-M:T WFN-:U M - TU VYV, xz:T,.y:UFN:V

O, Uk (M,N):ToU < O, Uhlet(z,y) =MinN:V

38
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Communication

O+M:T \IJI—N:!T.SS d O+ M:?T.S
O UFsend M N:s =" O+ receive M : T @ S

Receive

b+ M: @{ll . Si}ie[
¢ Fselecti; M : S,

Select

(I)l_M&{lZS@}fLE[ (\I!,xSZI—NZT)Zel
®, U I case M of {lz : ZIZ‘.Ni}Z‘E] A

Case

b, x:SFM:endy, U, z:SEFN:T
O, U with z connect M to N : T

Connect

O+ M:T ®end;
® Fterminate M : T

Terminate
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Translation of Sessions

[\7".5]
[77.5]
(&1L = Sitier]
[8{1i + Sitier]
[end]

lend-]

Translation preserves duality:

=1
=1

[77+ 5 [S]

[T]® [5]

[S1] & &[9.], I=A1,...
[Si]@---@[S.], IT={1,...
[T =[S+

40
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Translation of Types

[T — U] =[1]+ % [U]

[T — U] =!([77+ = [U])

[ToU]=[T]e[U]
[Unit] =!T

An unlimited type translates to a type constructed with !:

If un(7") then [7] =!A, for some A.
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Translation of Linear Functions

|l O x:T'HFN:U N

SFaeN-T -0 < |°
[N]z F [®]*, «: [T]+, 2 : [U]

2(2).[N]z - [®]*, 2 : [T]+ » [U]

|l<I>I—L:T—oU UkHM:T

O, UFLM:U *'Eﬂz -

[M]x = [¥]*, z: [T] yezby: U], 2: [U]
[Lly F 2],y 718 U] yla]-(IM]x | yerz) V], y : [T @ [U], 2« [U]

vy (LLJy | vl (IM]e | yo2)) - [0, V15, 2 - [U] ot
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Translation of Unlimited Functions

|l<I>I—L:T—oU un(®) H’Z _
SriL-T>U
[LlyF[e]t y: [T —U]
2(y).[L]y - [®]+, z: [T — U]

|[<I>I—L:T%U -E]]z
SFL:T —-U

A
vz ax: [T — UL, z: [T — U] X?

[L]y b [®]*, v : [T —~ U] ?ylz]aczbty: 2T — UL, z: [T — U] &:ut
vy.([L]y | ?ylz].z2) F [@], 2 : [T — U]
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Translation of Send and Receive

|l<I>|—M:T UkFN:IT.S

®, U Fsend M N : S Se”dﬂz -

[M]y - [®]F, y: [T] z<zFax:[S]H, 2:[9]

zlyl ([M]y | z¢2) F[O] 5, = : [T] ® [S]+ ; [N]z F [¥]~, @ [7] 9 []
ve.(zlyl.([M]y | z¢2) | [N]2) =[], [¥]+, 2 : [S]

ut

Il O M:?T.S

d+receive M : T ® S Rece'veﬂ T

[M]zF[®], z: [T] ® [S]
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Translation of Connect and Terminate

NCI),:C:SI—M:end! U, x:SEN:T

®, U+ with x co

[M]y F o] 2 [S]- y: L o]

vy.([M]y | y[].0) F [®]+, = -

nnect M to N : T COnnectﬂZ =
OFy:1 é

t
[ST+ u IN]z - [OL, 2 [S], =« [7]

ve.(vy-([M]y |yl

0) | [N]z) - [2]+, [¥]-, 2« [T]

N dF+ M : T ®end,

® F termin

[M]y F @] y:[T]®1

. o
ate M -1 Termlnate_

zesy bz [T], y: [1T]H
v().zeoy bz [T], y: 1]+, 2 L
y(x).x().zeoy -z 1], y: [7]F % L

L

Cut

vy ([M]y | y(2).2().2¢y) = [2]+, 2 : [T]
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Type Preservation

Theorem

(Translation preserves types)
It =M :T
then [M]z F [®]*, = : [1].
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Part 111

Conclusions and future work
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Paradoxical combinator

X=XDA
x: X DA* |z X]* z: X DA® |z: X]*
D-E D-E
rxxr:A NG rxr:A I
AM.xx: XDA e.xx: X T

Mz.zz) N\z.xz): A >-E
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Fixpoint combinator
X=XDA

z: X D A" [x: X]* [z : X D A" [z X]*
[f: AD A} rr:A -k [f: AD A}/ xx:A
fxx): A xD_E f(xx): A xD_E
)\x.f(:nx):XDAD_I )\x.f(a;x):XDAD_I
Ax. f(zxx)) (M. f(xx)): A -k

MMz, f(zx)) (M. f(zx) :(ADA)DA

D-E

>-17
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Restoring the tull power of w-calculus

e Mix rule, Girard (1987)

PFT QFA
PIQFT, A

Mix

e Binary Cut rule, Abramsky, Gay, and Nagarajan (1996)

PrT,z2: A, y:B QFA,xz:A+ y: B+
vr:Ayy:B.(P|Q)FT, A

BiCut
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